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Lecture 16 : Holomorphic functions ,

Last time...

· De Moirre's The : Zee.

zu-reit has exactly a solus,

Zu =
neitk)

,
R = 0

,-

· Properties
of e

.

·
Rick a branch [a ,

a + 2). Then

logz = logkal targe ,

who argzeta ,
a +2).

·

Discontinuity at
branch cut :

#
E

-

-

we can now
define complex powers.

Refi
choose a

brunch of log . Then for my a
,
bt D

, a0,

abebloga
-



How does choice of branch affect possible values?
Most

· When at his distinct values , they are written as K

62516; 3 important
a l

,

nez
part !

3 options :
By considering different branches ef log..

i) at is independent of choice of
branch iff bet.

- 2

This is just stuff like a

3
or a.

ii) at takes on exactly a different values if
6 :F Withpihwigas

Think : De Moivre
.

z = w
hasa solutions,

so will has n possible values,

choice of brach chooses them.

Ex : z= -1 has I
solutions, and-i.

iii) ab takes on infinitely many values if 6 is irrational.

or Im 16) + 0.

This one is fundamentally new

· Hw : calculate ;"using multiple branches

and co-pire.

· Ex: Consider it where is irrational . Then possible values
-

can be written in terms
of the principal branch L,) of log :

eAllogi + 2πni) ,
n + 2 .

since & irrational
,

each G .2n Gmob2 . All distinct !



pf :
-

choose some branch , eg .
ET ,TT)

,
and let logz

correspond to this branch .

Any other
branch is legat 2tni ,

1 +2
.

~Note : we can think of this as choosing a cut ,
like Roo

This cut forces the branshes to be labelled by

r integers ,

[-ath ,
it2)

--

,
[-Sit , -3) , E-3 , i) , En ,

i)
,
[T ,

<Ht),
,
.
. .

n = -2 n = - 1 n
=2 n = 1

L Iprincipal

6Olga +2ni)bloga It is
branch

, log
a 2 J

arind-1i) if bet , thebet so e

ii) if d: I ,

then eatipa has a
distinct values,

n = 0 ,
1, . . ., 9-1
.

iii)oitd irrational , then each e
2ind must be distinct :

towards contradiction
,

if Inym with

2TTib(n- u)

eating Itind
= /

= e E e

but 6 is irration
,
so it cannot be that bln-m] EX

.

· if In(6) + 0
,
then bis+iy ,

so

I
2 ink + iy)) : /eziinonyC

= e
-2πny

which evidently takes adifferent value for each not

#



Per-
The desivative of f at z

,

is the limit

f'(z) =Lin (also , LE]

· We call a function heemerphic at zo
if f (z] exists .

# (deep fact)

fisholomorphicon
+ is analytic at z ...

a small disc near E
f(z) =Gaz
some nonzero

radius of converge R.
-

[ Taylorseesthere
are plenty of functions which areWarning

Lsmooth but not analytic ,

and they can be physically relevant !

Many of the usual suspects are
the some

-

↓ et = et, sinzosz ,
zenz for

↓Z



Ex f(z) = E ,
f : (1902 -D

.

Pick z. + 0 .

f(z) =lim
·
=Litt

,

=

= E

·We can always think of
f : (+ K

as f : M= R2.

Fact : every holomorphic
f is real-differentiable,

but not vice versa.

Holomorphic =
Real differentiable +"Extra structur ,

"



Exi
- : Co, given by f(z) = leP is not holomorphic

at

myz +0 .

·It is real differentiable
at (a

,y) +0 !

f(x
,y)== Im

Letschemit Dougher, Re
limit 2 I

↑
z = 1

But along i h eith
ih(E-z) - 42

-into in
-

= z - z

z=) -
= 0

=> Limit does not agree in
all directions

,
so DNE

.

Complex derivatives are special : limits can now "move" in many directions !


